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for the norms of interpolated operators. Our results explain the geometrical base of
estimates in the literature. Applications to interpolation of weighted L -spaces are

also given. T 1995 Academic Press, Inc.

INTRODUCTION

This paper deals with interpolation spaces, a theory that since its origin
in the early sixties has had a deep interplay with approximation theory as
can be seen in the article by Peetre [15] and in the books by Butzer and
Berens [3], Bergh and Lofstrém [1], Triebel [17], and Brudnyi and
Krugljak [2].
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The classical real interpolation method, mainly in the form of a K-space,
is particularly useful in the context of approximation theory.

We shall work here with interpolation methods similar to the classical
real method, but defined for N-tuples (N > 3) of Banach spaces intead of
couples and incorporating some geometrical elements which are essential in
developing their theory. These methods were introduced recently by Peetre
and one of the present authors in [7].

Previous investigations on interpolation methods for N-tuples have
appeared all through the development of interpolation theory. We refer, for
example, to the papers written by Foiag and Lions [12], Yoshikawa [ 18],
Favini [9], Sparr [16], Fernandez [10, 11}, Cwikel and Janson [8],
Cobos and Peetre [ 6], and the monograph by Brudnyi and Krugljak [2].

Several basic results of classical methods for couples are no longer true
in this multidimensional framework. Perhaps the most notorious one is
that the equivalence between the K- and J-constructions fails. However,
interpolation methods for AN-tuples still have important application in
analysis. For instance, multidimensional methods are very useful in
investigating function spaces with dominating mixed derivatives (see
[ 16, 27]). Such function spaces were introduced by S. M. Nikol’skij around
1963. Contributions to their theory are also due to Lizorkin, DZabrailov,
Grisvard, and Besov among other authors (see [16,17] for complete
references).

The interpolation methods we consider here are defined by means of
a convex polygon /T=P,...P,, an interior point («, §) of /T and two
scalar parameters 7, s. The Banach spaces A4, .., 4y, which compose the
N-tuple to be interpolated, should be thought of as sitting on the vertices
of IT.

Although these methods were introduced in [ 7], the idea of developing
such investigation was suggested by Peetre at the Conference on Interpola-
tion Spaces held at Lund in 1982. The geometrical approach that we follow
closes the gap between the ideas of real and complex interpolation. It also
gives a unified point of view for the multidimensional methods of the type
of the classical real method. In particular, when the polygon /7 is equal to
the simplex, these methods give back (the first nontrivial case of) spaces
studied by Sparr [16], and if I coincides with the unit square we recover
those considered by Fernandez [10]. The resulting theory for methods
associated to polygons highlights the geometrical aspects of the classical
theory of real interpolation (see, for example, [7,4]).

Our target in Section 1 is to establish estimates for the norms of inter-
polated operators. This is achieved by minimizing the function

lt, s)= max {t'\fasy,‘/;Mj}’

1</<N
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where (x;, y,) are the coordinates of the vertex P; and M, stands for the
norm of the restriction of the operator to 4;. The outcome is an estimate
for the norm of the interpolated operator by a maximum of products of
powers of the form M¢M j‘."M & where (c,, ¢;, ¢;) are the barycentric coor-
dinates of the point (x, #) with respect to the vertices P,, P;, P,. Therefore
the classical convexity inequality M < M} "M valid for couples, turns
now into something of the kind of Caratheodory’s theorem on convex sets.
Our result describes the geometrical base of norm inequalities already
known for Sparr and for Fernandez spaces.

Ideas used to derive the norm estimates are also useful to interpolate
L -spaces with weights. This is worked out in Section 2.

The problem is now to compute the K- and the J-functional (associated
to the polygon I7) for weighted L -tuples. Thus we are dealing with a kind
of minimum and of maximum problem, respectively.

Among other results we show new differences between the theory of
Fernandez spaces and the theory of Sparr spaces. We give a 4-tuple of
scalar valued weighted /,-spaces where the J- and K-methods do not agree.
It is known that Sparr’s J- and K-methods always coincide in such a
situation. We also apply our results on interpolation of weighted L -spaces
to discuss the influence of the polygon on the resulting interpolation spaces.

In the final Section 3 we come back to norm inequalities but now we are
interested in operators acting from a J-space into a K-space. We derive an
estimate that involves all norms M, raised to powers 0, where
6=(0,,..,0,) is any barycentric coordinates of the point (a, f) with
respect to (all) vertices of I7.

To do this we relate our polygonal methods with N — 1 parameters Sparr
methods. We prove that if the K- and J-method coincide on an N-tuple
then they agree with spaces obtained by using Sparr constructions with
N — 1 parameters and . In other words, we show that on these N-tuples
the theory of methods associated to polygons (in particular Fernandez’
theory) is a special case of Sparr’s theory. We also give some other applica-
tions of this result.

1. NorRM ESTIMATES

We begin by recalling definitions of J- and K-spaces associated to
polygons (see [7]).

Let IT=P,... P, be a convex polygon in the plane R’ The vertices of
ITare Pj=(x;,y,) (j=1,.,N). Let A={A4,, ... A5} be a Banach N-tuple,
that is to say, a family of N Banach spaces all of them continuously
embedded in a common linear Hausdorfl space. We imagine each space A4,
as sitting on the vertex P;.
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By means of the polygon /7 we define the following family of norms on
A=A+ +4y

N N
Kit, 55 a) =inf{ Y, tvsVilall, ca= )] a5, a.€ AJ}.

i=1 i=1
Here 7 and s stand for positive numbers. Similarly in A(A)=A4,n --- " Ay
we can consider the family of norms

J(t, s;a)= max {195 ||al| ,}.
1<j<N

Let now (o, f) be an interior point of /7 [(«, f)elnt [I] and let
1 <g< ac. The K-space A, ;. x is defined as the collection of all ae (A4)
for Wthh the norm

KL It ixv ta
Halm.p).qm:(f() L (zlar/fK(t,.s';a))qf.t_f;‘)

is finite.

The J-space A, 4. ,., is formed by all those elements a e (A4 1) for which
there exists a strongly measurable function u =u(¢, s) with values in 4(A)
such that

a—J L wu(t, v)é[‘ﬁ 1}

and

<JX‘JMX‘(t GBI, s u(, 8)))¢ dtds) < oo, (2)
0 Yo t s

The norm on A, 4 .., 18

o I ) ],r“l]
Ha”u‘ﬁ).q:Jzinf{(J;) L (t=*sAJ(e, s; u(t,s)))qf{ffiﬁ) }’

where the infimum is taken over all representations « satisfying (1) and (2).
Let us see some examples:

ExampLE 1.1. Assume that I7 is equal to the simplex {(0,0), (1,0),
(0,1)} and that x>0, >0 with a+ f<1. In this case the K- and the
J-functional are

K1, S;a)=inf{ilallu,+t lasll 4, + s fasll 4 a= Z a»;’a/EAJ}

J=1

J(t, s;a)=max{all 4, t lall 4, 5 [all 4}
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Spaces defined by means of the simplex and the interior point («, f) coin-
cide with those studied by Sparr in [16]. Let us denote them by A, fla: K
and A 15u prg. J:

Exampre 1.2. Take /7 equal to the unit square {{0,0), (1,0), (0, 1),
(1, 1)} and 0 <a, §<1. The functionals are now

4
K(t, s;a)=inf{Na1HAl+f flasl 4+ s Nasll 4+ 25 lagll 4, a= Z ai*afeAj}

j=1

J(t, s;a)y=max{|lall 4. t llal 4., 5 llall 4, ts la] 4}

and spaces generated in this way are the same as those considered by

Fernandez in [ 10, 11]. For later use we call them 4/, , . and 4], , , .

The following result shows a sufficient condition for the coincidence of
interpolation methods associated to different polygons. The proof is just a
change of variables (see [ 5, Remark 4.17]).

LEMMA 1.3, Let [I=P,--- Py be a convex polygon, let («, )€ Int IT,
1 <g< oo and let R be the mapping defined by

R(u, v)= Q + Ulu, v), (u, v) e R?

where Qe R? and U is any linear isomorphism of R?. Then the K- and the
J-spaces defined by means of II and (o, B) coincide (with equivalent norms)
with those defined by means of R(IT)=RP,--- RP 5 and R(u, f§).

As we shall see in Section 2 (Example 2.4) if the polygons are not related
by any affine isomorphism then the resulting interpolation methods may be
different.

Let B={B,, .., By} be another Banach N-tuple which we also think of
as sitting on the vertices of another copy of the polygon I1. By T: 4 —» B
we denote a linear operator from Z(A4) into X{ B) whose restriction to each
A; defines a bounded operator from A, into B, (j=1, .., N).

One can easily check that if 7: 4 — B then the restriction of T to
A, g4 k gives a bounded linear operator

T: E{:./];,q;k’—’g(a,/l),q:l(' (3)
For J-spaces, we have that

T: Zu.m.q;J‘*Em.m.q;J (3"

1s bounded too.
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Our target is to estimate the norms of (3) and (3"). Write M, for [T'f| 4, 5,
{j=1,..,N). In the case of the classical real method for Banach couples
(A, Ay)y. . wWhere the J- and K-constructions always agree, the well-
known estimate

0T, 8, <My ‘MY

is obtained by a simple change of variables in the integrals defining the
norm (see [1 or 17]). In our multidimensional case the situation is not so
easy because products of powers of parameters ¢ and s might appear in the
K- and the J-functionals. However, since

K(t, s, Ta)< max {AYu" M} K(t/4, s/u; a)

I<jsN
changing variables we get

“ T(l “\x Bhg. K < lm'ax\,’ {ZX/HII""’/*/!MJ} “a”(a. Brg. K-
/N

Hence

_ = 1 Xj—aow—f
”T”A(‘x.lfl,q;k" By g g A’g ’>:)l‘?f>0 [lgljagxlv {[ ’ s MJ}]

and the same inequality holds for J-spaces.
Following the notation of [ 7] we put

Dermution 14. Let {I=P,... P, be a convex polygon with P;=
(x;,¥,), and let (a, f)eInt I1. Then for any N non-negative real numbers
M, .., M, we write

D, (M, ., My)= inf [ max {9 %% FM}]

1>0,5>0 1<€j<N

If we could calculate D, 4(M,, .., M) then we will have an estimate
for the norms of interpolated operators (3) and (3'). Let us show some
examples:

ExampLE 1.5. Let /7 be the simplex and let « >0, >0 with a + < 1.
A direct computation yields that

Du.ﬁ(Mls MZ» M?)
= inf [max{r s "M ' s M, 1% TPML)

1>0,5>0
- T—a—f
=M " "M;MY

which coincides with Sparr’s estimate (see [16]).
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ExaMpLE 1.6, Take now I7 equal to the unit square and 0 <a, f<1.
Put

Ny=M MMl
Ny=M| "ML "M,
Ni=M; "M " MJ,
Ny=M\">"FMIME

and define %* as the set of those N, having only non-negative exponents.
Then

Dz‘[}(M]~M2’M3’M4)

= inf [max{sr s M ' s PM, s T PM s TEMLY ]

r>0.5>0

I

max{N,: N, e €*}.
This result is due to Cobos and Peetre [7, Thm. 2.2], but the proof given
there is not complete. One should change “sums” into “maximums” in the

definition of the function fin [7, p. 380]. More precisely

Du.li(Ml*MZS MBa MA)

i

inf [inf {max[max{(M,sM;)t > max(M,, sM ) t' ]} s 7]
>0

s>0 1

inf [ (max(M,, sM;))' ~* (max(M,, sM,))* s *]

s>0

ML=*M?% inf f(s)

>0
where

J(s) =max(x, s)' ~*max(y, s)*s*
and

x=M,/My, y=M,/M,.

Replacing the function fof [ 7, p. 380] by f defined above and repeating the
same arguments as in [7] the result follows.

Next we shall work out D, ;,(M,, .., My) in the general case of any
convex polygon. The outcome will show the common geometrical base to
Examples 1.5 and 1.6. We start with an auxiliary result.

64 &G 3-3



328 COBOS, FERNANDEZ-MARTINEZ, AND SCHONBEK

Lemma 1.7, Ler Q,=(x,,y,) for i=1,2, 3 be affinely independent in R*.
For every positive real numbers M,, M,, M5, there exist (unique) positive
real numbers t,, s, such that

1y syt My =ttt My =t 3sy ' M 5. (4)

Moreover, if

2 2

(o, BY=3 ¢, 0, with Y ¢;=1,

i=1 i=1
then
sy T IMy =1y s T My =1 s P M = MMM

Proof. By the affine independence of Q,, Q,, @, the system of three
equations in the unknown u, v, w given by

xu+yv—w=—log M, i=1,2,3

has determinant different from 0. Put z,=¢" and s, = e*, then ¢, s, satisfy
(4) with the common value e".
Assume now

(a, f) = i ¢;Q,  where i c,=1
i=1 i=
Let p=t, s, #e”. Then
p=1ty""sy "M, for i=1,2,3.

Raising to the power ¢; we get

Pl 1l W aspi AL i=1,23,
and multiplying these equalities it follows that

p=p = MMEMS. |

Note that some numbers of ¢, ¢,, ¢, might be negative. Lemma 1.7 shall
be mainly used in case Q,, Q,, @, are vertices P;, P,, P, of IT and (a, f§)
is a convex combination of P, P,, P,. It will be useful to have a notation
for the set of all such triples of vertices.

DermNnrtioN 1.8, Let I7=P,.-.P, be a convex polygon and let
(o, feInt II. By %, , we denote all those triples {i k,r} such that
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FiGure 1.1

(x, #} belongs to the triangle with vertices P;, P,, P, (see Fig. 1.1). In
other words, {i,k, r} €%, , means that (a, f) can be written as a convex
combination of P, P, P,.

Now we are ready to determine D, 4(M,, ..., M ).

THEOREM 1.9. Ler I1=P,--- Py be a convex polygon with P;=(x;, y,)
Jor j=1,.., N, let (x, ByeInt IT and let D, , and ¥, , be as before. Then for
any N-tuple of non-negative numbers M, ... M, we have

D, y(M,, ., My)=max{MIM}M{:{ik r}e? 5}

Here (c;, ¢k, c,) are the barycentric coordinates of (a, B) with respect to
PP, P,

Proof. Write
pu=max{ MMM {i,k r}e? z}
and given any positive numbers ¢, s put

@(t,s)= max {19 *s" M}

1</j<N
SO

D, ,(M,, .. My= inf {o(1s)}.

t>0,5>0
For any ¢ >0, we can find positive numbers 7, s such that

o, )< D, 4(M,, .., My)+e
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Thus
t"’”"s-"/*/’M,sDM,(M,,..., My)+e for j=1,.,N. (5)

Take {i k,r} €%, ; and let (¢, ¢, c,) be the barycentric coordinates of
(a, ) with respect to P;, P, P,. It follows from (5) that

g agn=mh MDD,y (M, My +elo, =ik
Multiply together these inequalities to get
M:"MZkMirsDu,ﬁ(Ml* ey MN) +eé.

Since {i, k r} was taken arbitrarily in %, , and ¢> 0 is also arbitrary, we
conclude that

UsD, (M, .., My).

Next, we prove the converse inequality. If, say, {1,2,3} €%, , and
u=M MM, using Lemma 1.7, we can find positive numbers ¢, 5, such
that

sy M= for j=1,2,3. (6)
We claim that
@(ty, p) =M. (7)

Indeed, if (7) does not hold, there must exist a fourth point, say P,, such
that
(S My > (8)

The extension of the segment joining P, and (a, #) in the direction of (a, )
must meet the side of the triangle P, P, P, at a point Q which (obviously)
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is a convex combination of two of P, P,, P, (see Fig 1.2). Say
Qe Conv(P,, P,).

Then (a«, ) belongs to Conv(P,, P,, P,); ie, {1,2,4} €%, ,. Choose
0<d,,d,,d, <1 with d,+d,+d,=1 and d,P,+d,P,+d Py=(a, f).
Find also numbers v, v,,v5€ R such that v, +v,+0v,=1 and v, P, +
v, Py + vy, Py= P, According to (6} and (8) we have that

3
v r2 3 oetila — X)) i -y
MOMEMS =TT [uvey™ sy
F=1

=ty sl
<M,.
On the other hand, it follows from the definition of 4 that
uzMOMEME
Hence
> M e e, (9)
But
(0, y=d, P, +d, P, +d, P,
=(d, +d,v,) P, +(dy+d,v,) Py +dv, P,

So, using Lemma 1.7 we get that

MM = s M =

which contradicts (9).
This proves (7) and therefore

D, s(M,, ... My)<u

The proof is complete. |}

Remark 1.10. Note that (7) implies that D, , is not only an infimum
but a minimum
D, s(M, ..My = min [ max {9V %" "M}]
t>0.5>0 1<js<N
We can recover Examples 1.5 and 1.6 as direct applications of this

theorem. Moreover [ Thm. 2.5 in 7] follows also easily from Theorem 1.8,
For later use, we also define the function

G, (M, .. My= sup [ min {r¥ ¥ M}

1>0,s>0 1<j<N
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Observing that

1 1 -!
G, y(My, ., My)= (Da, P (E, - m))

we get from Theorem 1.9.

TueoreM L1 Let M, (a, f), 4, , and M,, .., My as in Theorem 19.
Then

Gy (M, s My)=min{ MOMEM: {i,k, r} € #, 4},

where again (¢;, ¢, ¢,) stands for the barycentric coordinates of (a, ) with
respect to P, P, P,.

2. INTERPOLATION OF WEIGHTED L -SPACES

Let (Q, i) be a measure space with o-finite positive measure u, and let
A be a Banach space. If w(x) is a positive u-measurable function (weight
Sunction) and 1<g¢ < oc, we denote by L (w; 4) the Banach space of all
strongly p-measurable A-valued functions f having a finite norm

Vg

Wl egue={ [ o) f001% )

Next we study interpolation properties of weighted L -spaces. We restrict
ourselves to the cases g=1 and g=o0. We shall derive formulae that
involve the functions D, , and G, , of Section 1 but now acting on the
weights.

DermNiTiON 2.1, Let f7=P,.--P, be a convex polygon with
P,=(x;,y;), let (a,f)elnt ] and let D, , and G, , be the functions
associated to them. If w,(x), ..., w,(x) are weight functions on £ we put

W p(x) =D, y(wy(x), .owy(x))= inf [ max {7 P (x)}]

t>0,5>0 1<j<€N
and

Wo g(X) =G, g(wi(X), o wy(x))= sup [ min {rv %" Pw;(x)}].

(>0,5>0 1<j<N

As a direct consequence of Theorems 1.9 and 1.11 we have the following
characterizations:
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LemMMA 2.2, Let %, ; be the set of triples associated to IT and (a, ). It
holdy

W, p(x)=max{w(x) wHx)w, (x): {ik, r} €2 4
W, ) =min{wi(x)w(x)w(x): {i k, r} €P, .},
where (c;, ¢i, ¢,) stands for the barycentric coordinates of (a, f§} with respect
to P, P,. P,
We start by describing the space obtained applying the K-method to an
L -tuple.
THEOREM 2.3. We have

(Lo wis A)y s L (Was A gy o= L 0F, 4 A).

Proof. Assume that f= 2/;, S, where fie L, (w;: A). Given any t>0,
£>0 and any x e £ one has

IV P S 1,60 101 4

J=1 Jj=1

> min {17 (x)} Y 14l
< j<N =1

= min {9V w (X)) Ax)] ,.
1</j<N

Hence

min {77 Pw ()} [0St TPK L s f).

1</<N

This shows that (L, (w;A4), ... L (wy; A)) g .k 18 continuously
embedded in L (W, 4 4).

To check the converse inclusion let fe L, (W, 45; A) and take any >0,
s>0. For 1 k<N write

A= {xe Qs o () | fx)|a= min {7, (x) 134}

<j<

Define I'y=A,, Iy =M4\Ui<,<x A4, for k=2, .., N, and set

flenf for j=1,.. N

where y, stands for the characteristic function of the set I';. Clearly
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with fie L, (w;; A) because fe L, (W, 4 4). Thus

N
1 s PK(, s IAESARNE A Z FYst ”f,” Lo O A)
J=1
N

=Y sup [+9 77 P i(x) o (X) (1030 4]

j=1 xe

SNsup [ min {1 % Py (x) [ fix)iL}]

xe2 1<j<N
SN L, i ey
which completes the proof. f

Let us go back for a moment to the question of how the choice of the
polygon influences the resulting interpolation spaces (see Lemma 1.3). As
an application of Theorem 2.3 we show next two polygons that generate
different interpolation spaces.

ExampLE 2.4. Let {I,,1,(27"),1,(27"),1,.(2 ™ ")} be the 4-tuple of
scalar weighted /, -spaces over Z x Z where the weight functions are

wilm, ny=1, wolm,ny=2"", walm, n)y=2"", wylm,n)y=2""""

Let IT be the polygon {(0,0),(1,0),(0,1),(1/2, 1)} and take the interior
point (1/3, 2/3). According to Theorem 2.3 we have

U (27 L 27 L (277 " D2y, e k=L (W)
where

—2n/3 — max{mi3, 2m;3}

wim, n)=2

Take now I7 equal to the unit square {(0,0),(1,0),(0,1), (1, 1)} and
any interior point («, 8)eInt IT. Applying again Theorem 2.3 (or [7,
Thm. 3.1]) the resulting interpolation space is

(l‘x" 11‘(2~m), ]I(z-n), ]x(z—m‘")){;,/x), I;K:l‘x(zrma~nﬂ)'

Hence /. (w) cannot be obtained by using the interpolation method
associated to the square for any choice of the interior point (a, f).

Yet talking about the influence of the polygon on the resulting inter-
polation functors, observe that for the case of the square the definition of
Fernandez spaces implies the following property of symmetry

(A1, Ay, A3 A g g = (A1, A3, A2, A (5o o ke
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But if we interpolate by the methods associated to the polygon /7= {(0, 0),
(1,0), (0, 1), (1/2, 1)}, this property does not hold in general. Indeed,
consider the 4-tuple

B (o G ()

where we are now working over N, the set of positive integers. Using

16 VA B KR ) N
)# )

-t (o
g GO R R A KR )

Next we consider the “dual” situation of Theorem 2.3: a J-interpolation
formula for L,-tuples. Then the relevant weight is W, ;.

First note that given any N-tuple A ={A4,, .., 4.} the J-space 4, 4 ,.,
can be described in a discrete way, using sums instead of integrals. Namely,
Aps gy s coincides with the collection of all aeX(A4) which can be
represented as

a= Y u,, (convergence in Z(A))

{m.on)eZ*
where u,, , € 4(A) and
lig
[ Y 2R 2, ,;“"] s
(m, nye 72

Moreover, the norm llall,, 4, ,. 1S equivalent to

iiq
lnf{[ Z (2‘m:x‘n[1J(2m, 2»1; “m, "))q} }’

\
im n)yeZ-

where the infimum is extended over all representations (u,, ,,) of a as above.
Subsequently, we also denote the discrete norm by | ||, s 4. This,
however, will produce no confusion.
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THEOREM 2.5. We have
(Lifwy, A, o, Li{w s ANy 1.0 = le'a,/ﬁ A).

Proof. Take fe(Ly(wy;A), .., Li(wy;A))u p 1., and let £>0. Using
the discrete representation of J-spaces, we can find a sequence (u,, ,) <
ﬂj’.‘;, L(w,; A) such that

S=2

and

S22 2, )< ) 1 e g

(m.njeZ?

Then

1/ 1t g ) =J.ﬂ W p(X) \\\\ D UnulX) % du
L4

(i, m)e 2?2 h

< Z J‘ max { 2m(x,f—m)+n( "iliﬁ)uvj(x)} num, n( x)nA dlu
2

(m,omye 70 A
N
< Z 9 —mx—np < Z 2mx,+n_»yf Wj(X) “um n(x)“A dy)
(m.nyeZ? j=1 @

< N Z 2/"'“ 7"/’\](2'"3 2"; um, n)

(m.onte??

<N +¢) Hf”(z,/}), 1.7

Conversely, let f be a simple function. Without loss of generality, we
may assume that the weight functions w; are discrete valued. Then f can be
written as

f': Z arll‘,ﬁ

r=1

where a, € A, the sets I, are disjoint with finite yu-measure and the weights
w; are all constant on each I',. It follows from Lemma 2.2 that w, 4 is also
constant on each /°,. Moreover according to Remark 1.10, for each r there
are ¢,, s,> 0 such that

max {tf’k’s;f""ﬂwj(x)} =W, z(x) forall xer,.

I<sjgsN
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Given x €, define (¢, s,) by

( v)_{(t,,s,) if xerl,
EU00) i xe@\U”

r=1 r'
Next, for (m, n)e Z>, put

Ay ={xeQ:2"<1 <2+ and 2" <5, <2"* ")

m,on
and
n= XAm ,,./'

In this way we get a representation of f as

N
= Y u. with u,, € () Li{w; A).

(m,onyez? Jj=1

Therefore

W lmaas X 27" H2" 2% u,, )

(m,nye Z?

- Z max {j zmlx/—a)+11(}“y‘ﬂ)w ( ” u,, " (‘Adﬂ}

T<j<N Q

{m, n)ye s

<C Y max <J 1 s P (x) ) fx)] dﬂ)
Am, n

(m.nye 7° I<jsN

=C X | ) )]

(m.mye 7* Am.n
=C ”f“ Ly(vis, p; A)"
Since simple functions are dense in L (W, 4; A), the result follows. |}

Let us write down some other concrete cases of these theorems.

COROLLARY 2.6. Let I be the unit square and a=f=1/2. Then

Wy 1a(x) = min{ \/ul(\ \u(X),\/Wz ) wa(x)}
while

Wi yalx mdx{\/w (x) wy(x), \/“2 (x) wax )}
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In particular, if w,=w, and w,=w,, then

(L,OwisA) L, (wys A), L (wy; A), Lo (w5 A)an 12), ik
=L (wiA)+ L, (wy; A4)
and
(Li(wy s A), Ly(wys A), Lilwy; A), Lilw s A2 120000
=L, (w;;A)nL,(wy; A).

The following formula refers to K-interpolation of L,-tuples.

THEOREM 2.7. We have
(Li{w; A) oy Li(wy; A))(z,/ii, k= Liin; 4),

where the weight n is defined by

oo dt ds
x) = : Ix,rtxx,r,~/} e —_
’7(‘) jo Jo 121_/‘12»\({ : H"(x)} t s
Proof. 1t 1s not too difficult to see that
K, s fy= min {1%s"w,(x)} | f(x)], du
0 Isj<N
Whence
‘ e dt ds
“f\‘\az,[i),l;K:J‘U Jo TR (I3 S;f)7~
oo . ‘ ; 1t ds
=[] min fer s (0} A0 S d
QY Yo I<j<N . t s

= [ 006 1f00)] 4
2

= “f“L.m;A>~ l

As an application of Theorems 2.5 and 2.7 we shall show another point
where the theory of Fernandez spaces (Example 1.2) differs from the theory
of Sparr spaces (Example 1.1). A quick look at {10 or 11] might suggest
that Fernandez spaces have a theory parallel to Spart’s theory [16].
However, the fact that parameters ¢ and s appear together in the X- and
J-functionals of Fernandez while they do not in Sparr functionals, causes
significant differences between their theories. A first hint in this direction is
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the behaviour of norms of interpolated operators (see Examples 1.5 and
1.6). Next we describe another difference.

Sparr proved in [ 16, Thms. 8.1 and 8.3 ] (see also Prop. 8.1) that for any
3-tuple of weighted L,-spaces it holds

(Li{w; A), Li{wy; A), Li{wy; A))[s;«/i). s

=(Ly(wys A), Ly(wyi A), Lilwss A5 404 ke

the resulting space being

Lw; * Pwiw?f; 4).

However, as the following example shows, K- and J-Fernandez spaces
might not agree on an L -tuple.

ExaMPLE 28. Let /T be the umit square {(0,0),(1,0),(0,1),(1, 1)},
and let a=p8=1/2. For neN, put

wl(n)=w4{n)=7:, wz(n)=w3(n)=’—1

and consider the following 4-tuple of scalar weighted sequence spaces

over N
= I l I 1
X=l—= - - —= .
() Ghe 7))
According to Corollary 2.6, we have

_ 1
sz 1/2), 1;J:ll <\/—)
n

On the other hand, Theorem 2.7 gives that

Xono .k =H0g(n)),

where

nin)= J: Lx min {,-ms\,,z \/’;
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Let us work out n(n). Writing the integral as

o ol
n(n) :J. J- min {min{t 2g 12 gl
0 0

mm{t 2 —172 [71/7 142} l] %{i‘.
n 8

and making the change of variables

t=ell+1', s=¢

w—r

we get

€A o - lu] e~ I3
plny=2 j J min {e , } du dv
ot \/; n

=8 du dv
f J mm{ n} u dv
:lﬁ 410gn_

n n

We see then that #(n) is equivalent to log n/n. Consequently

_ log n 1 =
Xu,uz. 12y, LK™ 11 < )#l <\/-> = Xu,nz. 1/2), g+
n

Let us go back to the general situation but assuming this time certain
relationships on the weights.

THEOREM 2.9. Let [T=P, .- P, be a convex polygon with P=(x,y)
and let (o, B)elInt I1. If w, w,, wy are weight functions on Q, we define

Wox)=w, Y (x) wi(x) wy(x), j=1,..N,

w(x)=w] " (x) wi(x) wh(x)

and given any Banach N-tuple A={A,, .., Ay}, we form the vector valued
weighted spaces L,(W;; A} (1 <j<N). Then

(Ly(wy5 A1), oy Ly{wy; AN)){:;,[}), 1k =Lg(w; /Tm.m. K

Proof. Denote by K(¢, s; -} the K-functional with respect to the N-tuple
{L(w; Aj)}f:,, while K'(¢, s; ) refers to {4,}

Jj=1



INTERPOLATION METHODS AND POLYGONS 341

Arguing as in [16], Lemma 8.4, one can check that

N s X ewr (v Y\ N
K(1, s;f)=inf{ )y Lwl(x)<fwz(x)> <é)13(—\)> L, it f= Y f,}
J=1

w,(x) w(x) Pt
_ ' [ wa(x) swilx)
= L wi{x) K <w,(x) ) f(,x)> du.
Whence
“f“m AL LK

:[ W} - 1~/1(x) “.;(.‘.) Wé}(,\”)
0
pe e LX)\ T2 sW;(X))*/‘ '<zw2(,\') swa(x) >fi_’é
on j"’ <“'1("")> <W((X) K wi(x)’ w,(.\-)‘ﬂ'x) ' dy

=f w(X) SO a1 & Al
@

= “f“ Litw; A, B 1KY I

A similar formula holds for the J-method. We write this time J(z, s, )
for the J-functional associated to {L,(ﬂ{,; A_,-)}}“'=I and J'(t, s;-) for the
corresponding one to {4} .

THEOREM 2.10. Under the same assumptions as in Theorem 2.9, we have

(LW A, oy Ly, AN))(a.Ii). o= Ly(w, /Tu. PINtres

Proof. Using the discrete characterizations of J-spaces, one can verify
that 4(A4) is dense in A, 4 ., Then it is not hard to verify that simple
functions f of the form

=Y a,x,  (finite sum), (%)

where a, e A(A), w(T",) < oo and sup, . . Zj’.":, W;(x) < oo are dense in both
spaces appearing in the statement. So in what follows, we assume that f has
the form (*).

For each r, find a representation

| a2
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with
L dt ds
[ s s o6 s) S T <4 6) 6, e
0 0 A

Setting

xX)=Y u<m = S‘T:S('Y))x,<,(.\»)

; wi(x) " wi(x)
we obtain a representation of f,
f:
0
Since

JUt, s u(t, s5))

) Bws(X1\Y (swaONT | (sl oV
<3, nn (S5 (R o (R B oo

twa(x) swa(x)  [1wy(x) swi(x) )
<NL2;u ( ” (X') W‘(.\')’br(}t'l(.\')’ W‘(X) >>X,,(\)dﬂ
we derive
e dt ds
Hf”(m/;u;1<fo L s =P, 85 ult, é))—t‘—s‘

NS ) w0 WA 00

x o Iwz(x)>"’ <sw3(x)>"f
><J'o fo <W1(~Y) wi(x)
J,<tw2(x) swa(x) <tw2(x) swi(x )>>dt dsd

wi(x) T wi(x) T T wy(x) T w(x) t s

N(1 +e¢) L) Z w(x) x r(x) la, ]l . gy 1 s At

r

<(l+e¢) NL, w(x) | s, g 1;0 d

=(l+e) N HfHLl(W; A g 1,9
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Passing to the limit as ¢ — 0 we get that

uf\(a By 1 J\lelLHV‘ A(uﬂyl})

To prove the converse inequality, suppose that
e dt ds
f=] ), wens
with
* dt ds
[ s e st ) = E <0+ 1 i
0 ‘0 t s

Then we have

st o= [ WO IS0 o

j AT Bx) wix) wh(x)

x.r‘ .r <tw2(x)> i (sn';,(x))*”
o Jo \w(x) wi(X)

two{Xx) swm(r) >
att) , ~_ﬁ~d
J<w1m e ()
dr d.
<j f (g -ﬂj; [wsw[ () e, v)(x)HAjdu—~—S€
<Nj f t~ ““"Jtsuts)ﬂ%i

<(l+¢) Nﬂf”(a.ﬂ), 1 Je

The proof is complete. |}
Remark 2.11. Note that in Theorems 2.9 and 2.10 we have

- A

W, g=W, g=w.

In the case of arbitrary weights w, .., w,, similar arguments to those used
before prove

L (“/1 /}, A(:x Bi 1, K) e (L (W[, )3 sees Ll(“”N; AN))(:I,/”. LK
C—— L (W, 4; A(a.m, 1K)

with analogous embeddings holding for the J-spaces.

Ha4 80 3.4
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3. J-K ESTIMATES

As we have seen in Section 1, in general we cannot estimate the norms
of operators interpolated by the J- or K-method in terms of the product of
positive powers of the norms of all restrictions 7: 4,— B, (1 < j<N). The
fact that the estimate is by the maximum of products of powers of three
norms causes a number of problems in developing the theory.

Sometimes one can come out of the difficulty by imposing a certain
{geometrical) condition on the polygon (see [7, Sect.5]). Another
possibility is to consider operators from a J-space into a K-space (see
[S, Sect. 4, or 4, Sect. 3]), then the norm can be estimated by

1T Vg Bopy e <7 D UT 0, o307 max (T, )05 (10)

1</ <5<

where y >0 and 0 <t <] are constants depending only on /7 and («, f).

Inequality (10) was established by Cobos ef a/. [ 5, Thm. 4.3], by means
of direct computations. In what follows, we shall develop a completely dif-
ferent approach based on the relationship between X- and J-methods and
Sparr spaces defined by using N —1 parameters. The new approach will
allow a better understanding of estimate (10) and also will give interesting
results referring to the coincidence of K- and J-methods.

We begin by reviewing Sparr constructions. If 7=(t,,.., 7y} and
§=(s,, .., 35) are N-tuple of positive numbers, we set

ff:(tlsl,..‘, (NSN), 2i=(2’], ey 2[“\"), [fl:[l...[N,

By v={(v,,...,vy_;) we mean an (N —1)-tuple of integer numbers.
Associated to v we have the N-tuple #=(0, v, .., vy _ ).
Let A={A;}, be any Banach N-tuple. The relevant K- and
J-functionals are now
N N
K1, a) =inf{ Z tillaill 4 a= Z a;, ajeA}}

j=1 J=1

Js(f,a)= lmaxN {t; HaHAj}.
£j<

Observe that parameters ¢, do not appear combined in K nor J;.

Assume that 1 <g< o and that 8= (@,, ..., f,) is an N-tuple of positive
numbers with 3%, 6,=1. The space A ., is the collection of all those

elements a e 2(A) which have a finite norm

(X uz”lxs(z“:aw) "

vez¥-1
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P,=1(0.0) P=(1,0)

FiGgure 3.1

while 4 ‘;‘q: , 1s formed by all those elements ae X(A) which have a
representation of the form

a= Y u, (convergence in Z(A)), (11)

verh-!

where u,e 4(A) and

B /q
( (127 Js(zf',unw) <o (12)

The norm Jal ., of 45 ., is the infimum of the values of the sum (12)

over all sequences (u,) satisfying (11) and (12). Sparr spaces admit
equivalent definitions in terms of integrals (ie., continuous descriptions)
but they will not be needed here.

Let again /1=P,.-- P, be a convex polygon with P,=(x;, y;), and let
(a, B e Int /1. Taking into account Lemma 1.3, we may assume without
loss of generality that P,=(0,0), P,=(1,0) and P,=(0,1). In other
words, /7 has the form described in Fig. 3.1.

Find 0<6,,..0y<1lwith ¥~ #;=1and 3., 6,P,=(«, f§), that is to
say, 8§ =(0,, .., @5) are barycentric coordinates of (a, #) with respect to the
vertices P,, ..., P,. Observe that if N >4, such coordinates are not unique.

To compare Sparr constructions with K- and J-methods associated
to /1, we shall need the discrete characterization of 4, , .., as given in

Section 2. The discrete representation of the K-space is
'Zla. Brg: K

_ l/q
={an(A):HaH.a,m.q;K=< Y (2“’"“*""’1((2"’,2";a))"> <oo}.

(m.n)eZ*?
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Subsequently, we use in our notation the scalar product {-,-) of R?
writing
mx;+ny,=<{P;, (m,n)
and by [x] we mean the integer part of the real number x, ie. the largest

integer which is less than or equal to x.
The origin of the next result is [7, Thm. 1.4].

THEOREM 3.1. Let 8=(0,,..,0,) be some barycentric coordinates of
(a, B) with respect to the vertices P,, ..., Py. Then we have with continuous
embeddings

-5 —5 _
Aé A3 X A(a,li).q;k"

A(a‘ﬂ).q:J g J 8. q;

Proof. For ae Aj ., it holds

_ l/q
i = % (127 K2t an )

vezV-!

> < Z (2 7{)2m—0,\‘-n)z>;~:3‘ O Lmx; + ny;1 inf { Ha‘ HA] + o HaZHAz

(m,n)eZ*

N-—1 g\ lig
427 ”aN”AN+ Z 2 Umx;+ny] ”a/”/‘/}> >

j=3

> ( Z (2~(Izn1—0;\'n12}“':»_;’[),(n1x;+n,!{;‘i inf{HalﬁAl +2m Haz”/xz

(m, nyeZ?
5l g\ lig
+2" fayllag+ L 527 ua,-u,up )
Jj=3
>l< Z (2 ‘Zf\;](?j(”]-(m. nDK(Z'" 27 a)) lig
/2 (m, n)e Z? R :
1 Y
=—< Z (z_ma-nﬁK(zm, Zn;a))q>
2 (m, n)ez2?

:'%Hau(a./f).q;}r

On the other hand, if ae 4, 4, ,., and

a= 3 U,

(m, n)eZ?
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is a representation of @ such that
lig
( DI A (P IRI u,,,_,,))"> <(1+e) lallapgs
(m,n)ez?

then setting for ve ZV !

Vi=m, VY =Ah,
_ Uy i )
U; = "jz[mxj+1+nyj+l] (2<j<sN-2)
0 otherwise

we obtain another representation of a, now in the form

and therefore

_ liq
uauiq;ﬁ( Y ((2“’”1J(2‘1uv—w)

veZV-1

i

< Z (2 —Grm— 8yn — sz:-]l ;[ mx; + ny;]

(m, nyez?

X max { Hum, nHA; s 2"! Hum‘ n” Az 2" num n“zAN*

3N~

iiq
2[’""/ + ) “um. n ” A/} )q)

: Liq
N N-1
< < Z (2~Z,:1 B (P im myy + 505 H;J<2m’ 2" “, "))q>

N
tm,nyeZ*

liq

< 2 < Z (2 ﬁma—n/}J(zm, 2n’ um, n))q>
(m, nyeZ?

<2(1 +£) “aH(a./f).q;J'

The remaining embedding 4 .
Prop.5.1. §

; & A .« was proved by Sparr [16],

We are in a position to establish the norm estimate.

THEOREM 3.2. Let A=(f,, .., 0y) be some barycentric coordinates of
(2, B) with respect to the vertices P, .., Py of Il. There exists a constant
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C>0, depending only on 0, such that for any Banach N-tuples
A={4,,.., Ay}, B={B,, .., By} and any operator T: A — B we have

C I—[ M”,

i=1

VT HA,,,;,,,J Bmﬂwk\

where M;= T, p forj=1,.,N. 1]

Proof. We recall that Sparr methods of parameters 0. q are interpola-
tion functors of exponent 6 (see [16, Sect. 4]); that is, the norm of the
interpolated operator is less than or equal to

N
&
[T M.

j=1

Combining this piece of information with Theorem 3.1 and the fact that the

norm of the inclusion 45 ., <— A; . only depends on 6, the result
follows. |

Observe that inequality (10) follows easily from Theorem 3.2.
Our next result is a direct consequence of Theorem 3.1 and gives a
necessary condition for J- and K-method to coincide.

COROLLARY 3.3. Let II= P - Py be a convex polygon, (a, f)elInt I1,
1<g<oc and let A= {4, .., } be a Banach N-tuple. If

Auv/}),q;‘/:AM./I). g K

then for any barycentric coordinates 0=(0,, ..., 0y) of (a, B) with respect to
the vertices P,, ..., Py, we have

s s T
A()q] A()ql( A(oc./qu;J"A(ot./qu:K'

As a first application of Corollary 3.3 we show a simple N-tuple on
which the J- and K-spaces do not coincide.

EXaMmpLE 34. Let [T=P, - P, be a convex polygon with at least 4
vertices (N =4), let («, fYeInt I7T and 1 € g < o0. Assume that (B, B,) is
Banach couple such that B, ~ B, is not closed in By+ B,. Set

o (Bo i j=1 N1,
/B, if j=N.

Then the Banach N-tuple 4 ={A4, .., Ay} satisfies

Zta‘ﬂ)»q:l?ég(m.ﬂ).q:K‘ (13)
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Indeed, one can choose barycentric coordinates f= (4,, .., 0y,
=", .., qy) of (a, #} with respect to P,,.., P, in such a way that
fx #nx. By Corollary 3.3, in order to prove inequality (13), it suffices to
show that

Since B, B, i1s not closed in B,+ B;, the classical real method on
(By, B,) depends effectively on its parameters (see { 13, Thm. 3.1]), hence

(Bo, Bi)g,. ,# By, Bi)y, because @, #ny.

Taking into account that the first N — | spaces of the N-tuple A are all the
same, it is not hard to check that

gg q:K= (B()’ Bl)[)mq
(see [ 16, Prop. 6.3]). Similarly

Z;q:xz(Bo» Bi)yy.q

This gives (14) and consequently (13).

Examples of Banach N-tuples where K- and J-methods coincide can be
found in [7, Sect. 3]. Theorems 2.9 and 2.10 can also be used to construct
Banach N-tuples having the coincidence property.

Note that Corollary 3.3 says, roughly speaking, that on N-tuples where
K- and J-spaces coincide, the theory of methods associated to polygons is
a special case of Sparr’s theory. We close the paper with an illustration of
this “principle.” It refers to Fernandez’ spaces, so IT is equal to the unit
square.

ExaMrLE 3.5. One of the original motivations for Fernandez’ work was
to calculate the interpolation spaces generated by the 4-tuple of vector-
valued Lebesgue spaces

X={L\(L\),L(L,), L (L)), L.(L,)}.

He stated [10] that if O0<a, <1, I/p=1—0a and 1/g=1—p, then the
resulting space is

Lq(Ll’o‘f)
but his proof has some inaccuracies (see [8, 11, 14]). More recently, he

proved in [1l, Thm.4.9], that K- and J-spaces coincide on X without
identifying the interpolation spaces.
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Next, we give an alternative proof of the formula stated by Fernandez in

f10].

it

Since X, 4 ,.x=X{, s 5., and
(a, By =(1—a)(1 =)0, 0) + (1~ B)(1,0) + B(1 —a)(0, 1) +af(1, 1),
follows from Corollary 3.3 that

‘?F

TS
(B q: K X@, q:. k?

where

8]

0=((1—a)(1—p), (1= B), B(1—a), aff).
sing now [ 16, Thm. 8.1], we have that

X,g.q:l(:Lq((Ll’ L‘X" Ll’ L’»‘)g.q; K)
=L, (L, L), )
=L/(L, ).

ACKNOWLEDGMENT

We thank the referee for his comments on the proof of Theorem 1.9, which allowed us to

simplify and shorten it.

1

REFERENCES

. J. BERGH AND J. LOFSTROM, “Interpolation spaces. An Introduction,” Springer, Berlin/
Heidelberg/New York, 1976.

. Yu. A. BRUDNY] anD N. Ya. KRrRuUGLIJAK, “Interpolation Functors and Interpolation
Spaces,” Vol. 1, North-Holland, Amsterdam, 1991.

. P. L. Burzir AND H. BeRENs, “Semi-Groups of Operators and Approximation,” Springer,
Berlin/Heidelberg /New York, 1967.

. F. CoBos AND P. FERNANDEZ-MARTINEZ, Reiteration and a Wollf theorem for interpola-
tion methods defined by means of polygons, Studia Math. 102 (1992), 239-256.

. F. Coros, T. KiuN, anD T. ScHONBEK, One-sided compactness results for Aronszajn-
Gagliardo functors, J. Funct. Anal. 106 (1992), 274-313.

. F. CoBos AND J. PEeTRE, A multidimensional Wolff theorem, Studia Math. 94 (1989),
273-290.

. F. CoBos AND J. PEeTRE, Interpolation of compact operators: The multidimensional case,
Proc. London Math, Soc. 63 (1991), 371-400.

. M. CWIKEL AND S. JANSON, Real and complex interpolation methods for finite and infinite
families of Banach spaces, Adv. Math. 66 (1987), 234-290.

. A. Favini, Su una estensione del metodo d’interpolazione complesso, Rend. Semin. Mat.
Univ. Padova 47 (1972), 243-298.



10
11

INTERPOLATION METHODS AND POLYGONS 351

. D. L. FERNANDEZ, Interpolation of 2" Banach spaces, Srudia Math. 45 (1979), 175-201.

. D. L. FERNANDEZ, Interpolation of 2¢ Banach spaces and the Calderdn spaces X(E), Proc.
London Math. Soc. 56 (1988), 143-162.

. C. Folas anDp J. L. Lions, Sur certains théorémes d'interpolation, Acta Sci. Marth.
( Szeged ) 22 (1961), 269-282.

. S. JansoN, P. NiLssoN, J. PEETRE, AND M. ZarraN, Notes on Wolff’s note on interpola-
tion spaces, Proc. London Math. Soc. 48 (1984), 283-299.

. M. MiLMaN, On interpolation of 2" Banach spaces and Lorentz spaces with mixed norms,
J. Funct. Anal. 41 (1981), 1-7.

. J. PeeTrE, On the connection between the theory of interpolation spaces and approxima-
tion theory. “Proc. Conf. Constructive Theory Funct. (Budapest 1969).” pp. 351-363,
Akadémiai Kiadd, Budapest, 1971.

. G. SPARR, Interpolation of several Banach spaces, Ann. Mat. Pura Appl. 99 (1974),
247-316.

. H. TrmpeL, “Interpolation Theory, Function Spaces, Differential Operators.” North-
Holland, Amsterdam, 1978.

. A. YosHIKAWA, Sur la théorie despaces d'interpolation—Les espaces de moyenne de
plusieurs espaces de Banach, J. Fac. Sci. Univ. Tokyo 16 (1970), 407-468.



